Abstract. We study feebly compact shift-continuous T 1 -topologies on the symmetric inverse semigroup I n λ of finite transformations of the rank n. For any positive integer n 2 and any infinite cardinal λ a Hausdorff countably pracompact non-compact shift-continuous topology on I n λ is constructed. We show that for an arbitrary positive integer n and an arbitrary infinite cardinal λ for a T 1 -topology τ on I n λ the following conditions are equivalent: (i) τ is countably pracompact; (ii) τ is feebly compact;
λ is constructed. We show that for an arbitrary positive integer n and an arbitrary infinite cardinal λ for a T 1 -topology τ on I n λ the following conditions are equivalent: (i) τ is countably pracompact; (ii) τ is feebly compact; (iii) τ is d-feebly compact; (iv) (I n λ , τ ) is H-closed; (v) (I n λ , τ ) is N d -compact for the discrete countable space N d ; (vi) (I n λ , τ ) is R-compact; (vii) (I n λ , τ ) is infra H-closed. Also we prove that for an arbitrary positive integer n and an arbitrary infinite cardinal λ every shift-continuous semiregular feebly compact T 1 -topology τ on I n λ is compact.
We follow the terminology of [6, 7, 8, 26, 27] . If X is a topological space and A ⊆ X, then by cl X (A) and int X (A) we denote the topological closure and interior of A in X, respectively. By |A| we denote the cardinality of a set A, by A△B the symmetric difference of sets A and B, by N the set of positive integers, and by ω the first infinite cardinal.
A semigroup S is called inverse if every a in S possesses an unique inverse a −1 , i.e. if there exists an unique element a −1 in S such that aa −1 a = a and a −1 aa −1 = a −1 .
A map which associates to any element of an inverse semigroup its inverse is called the inversion.
A topological (inverse) semigroup is a topological space together with a continuous semigroup operation (and an inversion, respectively). Obviously, the inversion defined on a topological inverse semigroup is a homeomorphism. If S is a semigroup (an inverse semigroup) and τ is a topology on S such that (S, τ ) is a topological (inverse) semigroup, then we shall call τ a semigroup (inverse) topology on S. A semitopological semigroup is a topological space together with a separately continuous semigroup operation. If S is a semigroup (an inverse semigroup) and τ is a topology on S such that (S, τ ) is a semitopological semigroup (with continuous inversion), then we shall call τ a shift-continuous (inverse) topology on S.
If S is a semigroup, then by E(S) we denote the subset of all idempotents of S. On the set of idempotents E(S) there exists a natural partial order: e f if and only if ef = f e = e. A semilattice is a commutative semigroup of idempotents. A topological (semitopological) semilattice is a topological space together with a continuous (separately continuous) semilattice operation. If S is a semilattice and τ is a topology on S such that (S, τ ) is a topological semilattice, then we shall call τ a semilattice topology on S.
Every inverse semigroup S admits a partial order:
a b if and only if there exists e ∈ E(S) such that a = eb.
We shall say that is the natural partial order on S.
Let λ be an arbitrary non-zero cardinal. A map α from a subset D of λ into λ is called a partial transformation of λ. In this case the set D is called the domain of α and is denoted by dom α. The image of an element x ∈ dom α under α is denoted by xα Also, the set {x ∈ λ : yα = x for some y ∈ Y } is called the range of α and is denoted by ran α. The cardinality of ran α is called the rank of α and is denoted by rank α. For convenience we denote by ∅ the empty transformation, a partial mapping with dom ∅ = ran ∅ = ∅.
Let I λ denote the set of all partial one-to-one transformations of λ together with the following semigroup operation:
The semigroup I λ is called the symmetric inverse semigroup over the cardinal λ (see [7] ). The symmetric inverse semigroup was introduced by V. V. Wagner [29] and it plays a major role in the theory of semigroups. Put I n λ = {α ∈ I λ : rank α n}, for n = 1, 2, 3, . . .. Obviously, I
n λ (n = 1, 2, 3, . . .) are inverse semigroups, I n λ is an ideal of I λ , for each n = 1, 2, 3, . . .. The semigroup I n λ is called the symmetric inverse semigroup of finite transformations of the rank n. By
we denote a partial one-to-one transformation which maps x 1 onto y 1 , x 2 onto y 2 , . . ., and x n onto y n .
Obviously, in such case we have x i = x j and y i = y j for i = j (i, j = 1, 2, 3, . . . , n). The empty partial map ∅ : λ ⇀ λ is denoted by 0. It is obvious that 0 is zero of the semigroup I n λ . Let λ be a non-zero cardinal. On the set B λ = (λ ×λ) ∪{0}, where 0 / ∈ λ ×λ, we define the semigroup operation " · " as follows
The semigroup B λ is called the semigroup of λ × λ-matrix units (see [7] ). Obviously, for any cardinal λ > 0, the semigroup of λ × λ-matrix units B λ is isomorphic to
We recall that a topological space X is said to be • sequentially compact if each sequence {x i } i∈N of X has a convergent subsequence in X;
• countably compact if each open countable cover of X has a finite subcover; • H-closed if X is a closed subspace of every Hausdorff topological space in which it is contained;
• infra H-closed provided that any continuous image of X into any first countable Hausdorff space is closed (see [20] ); • countably compact at a subset A ⊆ X if every infinite subset B ⊆ A has an accumulation point x in X; • countably pracompact if there exists a dense subset A in X such that X is countably compact at A; • feebly compact if each locally finite open cover of X is finite;
• d-feebly compact (or DFCC ) if every discrete family of open subsets in X is finite (see [24] );
• pseudocompact if X is Tychonoff and each continuous real-valued function on X is bounded; • Y -compact for some topological space Y , if f (X) is compact, for any continuous map f : X → Y .
According to Theorem 3.10.22 of [8] , a Tychonoff topological space X is feebly compact if and only if X is pseudocompact. Also, a Hausdorff topological space X is feebly compact if and only if every locally finite family of non-empty open subsets of X is finite. Every compact space and every sequentially compact space are countably compact, every countably compact space is countably pracompact, every countably pracompact space is feebly compact (see [3] ), every H-closed space is feebly compact too (see [15] ). Also, every space feebly compact is infra H-closed by Proposition 2 and Theorem 3 of [20] .
Topological properties of an infinite (semi)topological semigroup λ × λ-matrix units were studied in [12, 13, 14] . In [13] it was shown that on the infinite semitopological semigroup λ × λ-matrix units B λ there exists a unique Hausdorff topology τ c such that (B λ , τ c ) is a compact semitopological semigroup and it was also shown that every pseudocompact Hausdorff shift-continuous topology τ on B λ is compact. Also, in [13] it was proved that every non-zero element of a Hausdorff semitopological semigroup λ × λ-matrix units B λ is an isolated point in the topological space B λ . In [12] it was shown that the infinite semigroup λ × λ-matrix units B λ cannot be embedded into a compact Hausdorff topological semigroup, every Hausdorff topological inverse semigroup S that contains B λ as a subsemigroup, contains B λ as a closed subsemigroup, i.e., B λ is algebraically complete in the class of Hausdorff topological inverse semigroups. This result in [11] was extended onto so called inverse semigroups with tight ideal series and, as a corollary, onto the semigroup I n λ . Also, in [16] it was proved that for every positive integer n the semigroup I n λ is algebraically h-complete in the class of Hausdorff topological inverse semigroups, i.e., every homomorphic image of I n λ is algebraically complete in the class of Hausdorff topological inverse semigroups. In the paper [17] this result was extended onto the class of Hausdorff semitopological inverse semigroups and it was shown therein that for an infinite cardinal λ the semigroup I n λ admits a unique Hausdorff topology τ c such that (I n λ , τ c ) is a compact semitopological semigroup. Also, it was proved in [17] that every countably compact Hausdorff shift-continuous topology τ on B λ is compact. In [14] it was shown that a topological semigroup of finite partial bijections I n λ with a compact subsemigroup of idempotents is absolutely H-closed (i.e., every homomorphic image of I n λ is algebraically complete in the class of Hausdorff topological semigroups) and any countably compact topological semigroup does not contain I n λ as a subsemigroup for infinite cardinal λ. In [14] there were given sufficient conditions onto a topological semigroup I 1 λ to be non-H-closed. Also in [10] it was proved that an infinite semitopological semigroup of λ × λ-matrix units B λ is H-closed in the class of semitopological semigroups if and only if the space B λ is compact.
For an arbitrary positive integer n and an arbitrary non-zero cardinal λ we put
It is obvious that for any positive integer n and any non-zero cardinal λ the set exp n λ with the binary operation ∩ is a semilattice. Later in this paper by exp n λ we shall denote the semilattice (exp n λ, ∩). It is easy to see that exp n λ is isomorphic to the subsemigroup of idempotents (the band) of the semigroup I n λ for any positive integer n. We observe that for every positive integer n the band of the semigroup I n λ is isomorphic to the semilattice exp n λ by the mapping E(I n λ ) ∋ ε → dom ε. In the paper [18] feebly compact shift-continuous topologies τ on the semilattice exp n λ were studied, and all compact semilattice topologies on exp n λ were described. In [18] it was whown that for an arbitrary positive integer n and an arbitrary infinite cardinal λ for a T 1 -topology τ on exp n λ the following conditions are equivalent: (i) (exp n λ, τ ) is a compact topological semilattice; (ii) (exp n λ, τ ) is a countably compact topological semilattice; (iii) (exp n λ, τ ) is a feebly compact topological semilattice; (iv) (exp n λ, τ ) is a compact semitopological semilattice; (v) (exp n λ, τ ) is a countably compact semitopological semilattice. Also, in [18] there was constructed a countably pracompact H-closed quasiregular non-semiregular topology τ 2 fc such that (exp 2 λ, τ 2 fc ) is a semitopological semilattice with the discontinuous semilattice operation and it was proved that for an arbitrary positive integer n and an arbitrary infinite cardinal λ a semiregular feebly compact semitopological semilattice exp n λ is a compact topological semilattice. In [19] it was shown that for an arbitrary positive integer n and an arbitrary infinite cardinal λ for a T 1 -topology τ on exp n λ the following conditions are equivalent: (i) τ is countably pracompact; (ii) τ is feebly compact; (iii) τ is d-feebly compact; (iv) (exp n λ, τ ) is an H-closed space.
This paper is a continuation of [11, 13, 16, 17] . We study feebly compact shift-continuous T 1 -topologies on the semigroup I n λ . For any positive integer n 2 and any infinite cardinal λ a Hausdorff countably pracompact non-compact shift-continuous topology on I n λ is constructed. We show that for an arbitrary positive integer n and an arbitrary infinite cardinal λ for a T 1 -topology τ on I n λ the following conditions
is infra H-closed. Also we prove that for an arbitrary positive integer n and an arbitrary infinite cardinal λ every shift-continuous semiregular feebly compact T 1 -topology τ on I n λ is compact.
Later we shall assume that n is an arbitrary positive integer. For every element α of the semigroup I n λ we put
Then Proposition 5 of [17] implies that ↑ l α = ↑ r α and by Lemma 
• scattered if X does not contain non-empty dense in itself subset, which is equivalent that every non-empty subset of X has an isolated point in itself. Lemma 2 implies the following corollary:
Corollary 3. Let n be an arbitrary positive integer, λ be any infinite cardinal and τ be a shift-continuous T 1 -topology on the semigroup I n λ . Then (I n λ , τ ) is a totally disconnected scattered space. A partial order ≤ on a topological space X is called closed if the relation ≤ is a closed subset of X × X in the product topology. In this case (X, ≤) is called a pospace [9] .
Lemma 2 and Proposition VI-1.4 from [9] imply the following corollary:
Corollary 4. Let n be an arbitrary positive integer, λ be any infinite cardinal and τ be a shift-continuous (ii) τ = τ c ; (iii) τ is countably compact; (iv) τ is sequentially compact.
Since every feebly compact Hausdorff topology on the semigroup I 1 λ is compact, it is natural to ask: Does there exist a shift-continuous Hausdorff non-compact feebly compact topology τ on the semigroup I n λ for n 2? The following example shows that for any infinite cardinal λ and any positive integer n 2 there exists a Hausdorff feebly compact topology τ on the semigroup I : a → ε a we denote the map which assigns to any element a ∈ λ the identity partial map ε a : {a} → {a}. Fix an arbitrary infinite subset A of λ. For every non-zero element x ∈ I 2 λ we assume that the base B , respectively, we have that , respectively, we have that , respectively, we have that
The definition of the semigroup I 2 λ implies that the set Q is finite. Then we have that
(6) α · β = γ = 0 and rank β = rank γ = 1 and rank α = 2, i.e., dom β ran α. In this case the proof of separate continuity of the semigroup operation on (I 
for any basic open neighbourhoods U α (α 1 , . . . , α k ), U β (β 1 , . . . , β n ) and U B (0) of α, β and zero 0 in (I . By the definition of the semigroup I n λ we have that there exists a point β ∈ U(α) such that ↑ β ∩ U(α) = {β}. Again, by Lemma 2 we have that ↑ β is an open-and-closed subset of (I n λ , τ ) and hence by Theorem 14 of [4] , ↑ β is feebly compact. Moreover, our choice implies that β is an isolated point in the subspace ↑ β of (I n λ , τ ). Suppose that
for some finite subsets {x 1 , · · · , x k } and {y 1 , · · · , y k } of distinct points from λ. Then the above arguments imply that k < n. Put p = n − k. Next we fix an arbitrary infinite sequence {a i } i∈N of distinct elements of the set λ
For arbitrary positive integer j we put
Then β j ∈ I n λ for any positive integer j. Moreover, we have that β j ∈ I n λ \ I n−1 λ and β j ∈ ↑ β for any positive integer j.
We claim that the set ↑ γ ∩ {β j : j ∈ N} is finite for any γ ∈ ↑ β \ {β}. Indeed, if the set ↑ γ ∩ {β j : j ∈ N} is infinite for some γ ∈ ↑ β \ {β} then dom γ contains infinitely many points of the set {a i : i ∈ N}, which contradicts that γ ∈ I n λ . By Lemma 2 for every γ ∈ I n λ the set ↑ γ is open in (I n λ , τ ). Then since β is an isolated point in ↑ β, our claim implies that the infinite family of isolated points U = {{b j } : j ∈ N} is locally finite in ↑ β, which contradicts that the subspace ↑ β of (I n λ , τ ) is feebly compact. The obtained contradiction implies the statement of the proposition.
Remark 11. The following three examples of topological semigroups of matrix units (B λ , τ mv ), (B λ , τ mh ) and (B λ , τ mi ) from [12] imply that the converse to Proposition 10 is not true for any infinite cardinal λ.
Later by N d and R we denote the sets of positive integers with the discrete topology and the real numbers with the usual topology.
Theorem 12. Let n be an arbitrary positive integer and λ be an arbitrary infinite cardinal. Then for every shift-continuous T 1 -topology τ on the semigroup I n λ the following statements are equivalent: [19] every Hausdorff feebly compact space with a dense discrete subspace is countably pracompact (also see Lemma 4.5 of [5] or Proposition 1 from [2] for Tychonoff spaces) and hence so is (I n λ , τ ). Implication (iv) ⇒ (ii) follows from Proposition 4 of [15] .
(ii) ⇒ (iv) We shall show by induction that if τ is a shift-continuous feebly compact T 1 -topology on the semigroup I n λ then the subspace ↑ α of (I n λ , τ ) is H-closed for any α ∈ I n λ . It is obvious that for any α ∈ I n λ with rank α = n the set ↑ α = {α} is singleton, and since (I n λ , τ ) is a T 1 -space, ↑ α is H-closed.
Fix an arbitrary α ∈ I n λ with rank α = n − 1. By Lemma 2, ↑ α is an open-and-closed subset of (I n λ , τ ) and hence by Theorem 14 from [4] the space ↑ α is feebly compact. Since by Lemma 2 every point β of ↑ α with rank α = n is isolated in (I n λ , τ ), the feeble compactness of ↑ α implies that α is a non-isolated point of (I n λ , τ ) and the space ↑ α is compact. This implies that ↑ α is H-closed. Next we shall prove the following statement: if for some positive integer k < n for any α ∈ I n λ with rank α k the subspace ↑ α is H-closed then ↑ β is H-closed for any β ∈ I n λ with rank β = k − 1. Suppose to the contrary that there exists a shift-continuous feebly compact T 1 -topology τ on the semigroup I n λ such that for some positive integer k < n for any α ∈ I n λ with rank α = k the subspace ↑ α is H-closed and ↑ β is not an H-closed space for some β ∈ I n λ with rank β = k − 1. Then there exists a Hausdorff topological space X which contains the space ↑ β as a dense proper subspace. We observe that by Lemma 2 and Theorem 14 of [4] the space ↑ β is feebly compact.
Fix an arbitrary x ∈ X \ ↑ β. The Hausdorffness of X implies that there exist open neighbourhoods U X (x) and U X (β) of the points x and β in X, respectively, such that U X (x) ∩ U X (β) = ∅. Then the assumption of induction implies that without loss of generality we may assume that there do not exist finitely many α 1 , . . . , α m ∈ ↑ β with rank α 1 = . . . = rank α m = k such that
Fix an arbitrary α 1 ∈ ↑ β such that rank α 1 = k and ↑ α 1 ∩ U X (x) = ∅. Proposition 1.3.1 of [8] , Lemma 2 and Proposition 10 imply that there exists γ 1 ∈ I n λ \ I n−1 λ such that γ 1 ∈ ↑ α 1 ∩ U X (x). Next, by induction using Proposition 1.3.1 of [8] , Lemma 2 and Proposition 10 we construct sequences {α i } i∈N and {γ i } i∈N of distinct points of the set ↑ β such that the following conditions hold: Without loss of generality we may assume that the family U = {U i } is countable., i.e., U = {U i : i ∈ N}. Then the definition of the semigroup I n λ and Lemma 2 imply that for every U i ∈ U there exists α i ∈ U i such that ↑ α i ∩ U i = {α i } and hence U * = {{α i } : i ∈ N} is a family of isolated points of (I n λ , τ ). Since the family U is locally finite, without loss of generality we may assume that α i = α j for distinct i, j ∈ N. We claim that the family U * is locally finite. Indeed, if we assume the contrary then there exists α ∈ I n λ such that every open neighbourhood of α contains infinitely many elements of the family U * . This implies that the family U is not locally finite, a contradiction. Since (I n λ , τ ) is a T 1 -space and the family U * is locally finite, we have that U * is a closed subset in (I It is not, however, the case that feebly compact and infra H-closed are equivalent in general. In [21] Herrlich, beginning with a T 1 -space Y , constructs a regular space X such that the only continuous functions from X into Y are constant. His construction involves the cardinality of Y , but only as the cardinality of collections of open sets whose intersections are singletons. Thus only the most trivial modifications are needed in his argument to produce a regular Hausdorff infra H-closed space. It is also easily shown that the space constructed in this manner is not feebly compact.
Any regular lightly compact space must be a Baire space [25, Lemma 3] , and thus it is of interest to note that the space constructed in [21] can be shown to be the countable union of nowhere dense subsets using essentially the same argument as can be used to show it is not feebly compact.
(ii) U(γ) ⊆ ↑ γ for any U(γ) ∈ B(γ); (iii) B(γ) = B c (γ) for every γ ∈ I n λ with rank γ > l; (iv) there exists a cover U of the set ↑ β by members of the base B which has not a finite subcover. We claim that the subspace ↑ β of (I n λ , τ ) contains an infinite closed discrete subspace X. Indeed, let U 0 be a subfamily of U such that {β} ∪ ↑ β ∩ I n λ \ I n−1 λ ⊆ U 0 .
Since the set ↑ β is not compact and ↑ γ is compact for any γ ∈ ↑ β \ {β}, without loss of generality we may assume that there exists k > rank β such that the following conditions hold: (a) there exist infinitely many elements ζ ∈ ↑ β with rank ζ = k such that ζ / ∈ U 0 ; (b) ς ∈ U 0 for all ς ∈ ↑ β with rank ς < k. It is obvious that the set X = ↑ β \ U 0 \ ↑ ς : rank ς > k is requested. It is obvious that the set X \ (↑ β 1 ∪ · · · ∪ ↑ β s ) is infinite. For every δ ∈ X the set ↑ δ is compact and open, and moreover by Lemma 1 the set ↑ δ \ ↑ β 1 ∪ · · · ∪ ↑ β s contains infinitely many points of the neighbourhood U(β). This implies that int I n λ cl I n λ (U(β)) ∩ X = ∅, which contradicts the assumption that U(0) ∩ X = ∅. The obtained contradiction implies that the subspace ↑ β of (I n λ , τ ) is compact, which completes the proof of the theorem.
